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Abstract
We reconsider the problem of quantising a particle on the D-
dimensional sphere. Adopting a Lagrangian method of reducing the
degrees of freedom, the quantum Hamiltonian is found to be the usual
Schro¨dinger operator without any boundary term. The equivalence
with the Dirac Hamiltonian approach is demonstrated, either in the
cartesian or in the curvilinear basis. We also briefly comment on the
path integral approach.
1
1 Introduction and review of the prob-
lem
The problem of the quantization of the rotor has been studied since
decades, but remains a subject of intense debate.
De Witt[1, 2] studied the path integral quantization, and proposed
that a term proportional to the curvature should be included in the
Hamiltonian. However, problems connected to the definition of the
path integral using curvilinear coordinates, unknown at that time,
turns out to invalidate that proposal. This is essentially tied to the
fact that for quantisation in curvilinear coordinates, new terms may
arise. Such happens even in the quantisation of free particles in curvi-
linear coordinates. Edwards and Gulyaev[3] carefully considered that
problem, and showed that the quantization via path integration may
lead to different results, due to problems intrinsically connected to
the path integral formulation[4]. Though essential, this last paper has
been frequently forgotten in the literature.
Dirac formulation[5] of the problem has also been undertaken[6]. In
this case one faces the question of ordering of the quantum operators,
a question which can only be tackled using definite ordering prescrip-
tions based on general arguments as hermiticity and general coordi-
nate invariance. The Laplace-Beltrami operator has been obtained
using the Dirac quantization procedure without curvature terms in
e.g. [6], for the special case of a three-dimensional rotor.
In the path integral formalism, besides the early developments[3],
there are special definitions of the path integral on the surface of the
sphere which do not give rise to the curvature term[7]. A discrep-
ancy with the Dirac formalism has however been reported in several
papers[8, 9, 10], as well as other different results[11, 12].
In spite of all these developments, the status of the problem is very
confusing, and there have been many papers claiming a rejection of the
Dirac formalism[8] an intrinsic difference between path integral formu-
lation and operator formalism[9], or advocating different quantization
schemes[11]. The importance of the problem can be appreciated from
the fact that it has implications in curved space quantization, when
defining the Wheeler-de-Witt equation[13], and in the quantization
of sigma model Lagrangians, important to string theories, where the
Wheeler-de-Witt equation has central importance.
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The aim of the present paper is to analyse the problem directly
in terms of reduced coordinates by solving the constraint, thereby by-
passing the ambiguities inherent in either the Dirac or path integral
approaches. The classical reduced space is therefore obtained in a
straightforward manner. We then pass to the quantum formulation
by using the Laplace-Beltrami construction. It leads to a quantum
Hamiltonian which is the usual Schro¨dinger operator without any cur-
vature term. The connection of our results with the Dirac approach
is then established. We conclude by briefly mentioning the path inte-
gral formulation, where the counterpart of the above approach is the
special time slicing of the integral as explained by T. D. Lee[14].
2 Reduced coordinates
The Lagrangian for a particle of unit mass constrained to move on
the surface of a D-dimensional sphere of radius R is given by the well
known expression
L =
1
2
x˙αx˙α − λ
(
xαxα −R
2
)
α = 1 · · ·D , (1)
where the constraint
Ω = xαxα −R
2 ≈ 0 (2)
is implemented by the Lagrange multiplier λ. Since this is a con-
strained system, the usual canonical approach must be modified. A
possible way is to use Dirac’s constraint analysis. It is known that
this system presents second class constraints so that the usual Pois-
son brackets have to be modified to the Dirac brackets. Apart from
the fact that these brackets are plagued by ordering ambiguities, the
extraction of the physical variables of the system is not very transpar-
ent. This has been analysed by several authors [6, 8, 9, 12].
Here we shall adopt an alternative canonical approach developed
recently by one of us[15] which is based on a Lagrangian reduction by
systemmatically eliminating the unphysical variables using the equa-
tions of constraint. From the constraint (2) the coordinate xD is
expressed in terms of the remaining coordinates by
xD =
√
R2 − ~x2 ≡
√
R2 − x2i , i = 1 · · ·D − 1 (3)
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Inserting this in equation (1), we obtain the reduced Lagrangian
Lr =
1
2
gij x˙ix˙j (4)
where the metric is
gij = δij +
xixj
R2 − ~x2
(5)
Note that now the Lagrangian is expressed only in terms of the uncos-
trained variables. Consequently, the conventional canonical formalism
is applicable. The canonical momenta are given by
pi =
∂Lr
∂x˙i
= gij x˙j . (6)
Since the system is uncostrained the velocities can be obtained unam-
biguously by inverting (6) to yield
x˙i = g
ijpj (7)
where gij is the inverse of (5), being given by
gij = δij −
xixj
R2
(8)
The canonical Hamiltonian is now obtained by a Legendre transform
H = pix˙i − Lr =
1
2
pig
ijpj (9)
This gives the final expression for the classical reduced Hamiltonian.
In order to perform the quantization the above Hamiltonian is re-
placed by the corresponding Laplace-Beltrami operator, being defined
as
Hˆ = OLB =
1
2
g−1/4πˆig
1/2gij πˆjg
−1/4 (10)
where πˆ is the quantum momentum operator, and g is the determinant
of the metric gij .
As is well known[11] the above transition from classical to quan-
tum is based of hermiticity and general coordinate invariance. The
quantum momentum operator satisfying these conditions is given by
the expression
πˆi = −ih¯g
−1/4~∂g1/4 , (11)
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An essential ingredient is the computation of the determinant of
the metric, which is sketched below,
g ≡ det gij = exp tr ln
(
δij +
xixj
R2 − ~x2
)
= exp tr
xixj
~x2
ln
(
1 +
~x2
R2 − ~x2
)
(12)
=
R2
R2 − ~x2
It is now simple to obtain the quantum Hamiltonian,
Hˆ = −
1
2
√
R2 − ~x2~∂i
(
δij −
xixj
R2
)(
R2 − ~x2
)
−1/2
~∂j , ~∂i =
~∂
∂xi
.
(13)
The arrow above the derivative means that it operates on every el-
ement on the right (i.e., it acts as a quantum operator). It is now
straightforward to show that the above operator is related to the an-
gular momentum in the reduced space,
Lij = xipj − xjpi = −ih¯ (xi∂j − xj∂i) , (14)
LiD = −
√
R2 − ~x2pi = −LDi = ih¯
√
R2 − ~x2∂i , (15)
Observe that since the xD coordinate has been eliminated, the conju-
gate momentum pD does not exist in the reduced variables. Now it
can be verified that,
Hˆ =
∑
αβ
L2αβ
2R2
(16)
We thus find that the quantum Hamiltonian is the conventional Schro¨dinger
operator without any curvature term. This is the central result of the
paper.
The above analysis was carried out in the cartesian basis, but it
is instructive to repeat it in the curvilinear basis. Apart from serving
as a consistency check, this will also illuminate the connection of the
present study with the conventional Dirac approach. The mapping
from the cartesian to the curvilinear coordinates is given by
xD = r cosϕ1
xD−1 = r sinϕ1 cosϕ2
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xD−3 = r sinϕ1 sinϕ2 cosϕ3
· · · = · · · (17)
x2 = r sinϕ1 · · · sinϕD−2 cosϕD−1
x1 = r sinϕ1 · · · sinϕD−2 sinϕD−1
In these variables, the Lagrangian is given by
L =
1
2
{r˙2+r2ϕ˙21+r
2ϕ˙22 sin
2 ϕ1+· · · r
2ϕ˙2D−1 sin
2 ϕ21 · · · sin
2 ϕD−2}+λ (r −R)
(18)
where the lagrange multiplier λ defines the rotor constraints. The
canonical momenta are given by
πλ = 0 , πr = r˙ ,
πϕ1 = r
2ϕ˙1
πϕ2 = r
2 sin2 ϕ1 ϕ˙2
· · · = · · · (19)
πϕD−1 = r
2 sin2 ϕ1 · · · sin
2 ϕn−1 ϕ˙D−1
In constrast to the cartesian analysis, the solution of the constraint
here is trivial and the reduced Hamiltonian obtsined by following the
previous steps is
H =
1
2
∑
gabπaπb (20)
with
gab =
1
R2


1 0 0 · · · 0
0 1
sin
2 ϕ1
0 · · · 0
0 0 1
sin
2 ϕ1 sin2 ϕ2
· · · 0
· · · · · · · · · · · · 0
0 0 0 · · · 1
sin
2 ϕ1 sin2 ϕ2··· sin2 ϕn−2


(21)
The quantum Hamiltonian, as usual, is given by the corresponding
Laplace-Beltrami operator. The momentum operator (11) is given by
the expression
πϕi = −ih¯
1
sin
D−i
2 ϕi
~∂i sin
D−i
2 ϕi , (22)
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and in terms of the curvilinear variables for a constant radius the
hamiltonian operator (10) reduces to
Hˆ = −
h¯2
2R2
n−1∑
i=1
i−1∏
j=1
1
sin2 ϕj
1(
sinn−i−1 ϕi
)n−i−1 ∂∂ϕi (sinϕi)n−i−1
∂
∂ϕi
≡
Lˆ2
2R2
(23)
which in three dimensions simplifies to the well known expression
Hˆ = −
h¯2
2R2
(
1
sin θ
∂
∂θ
sin θ
∂
∂θ
+
1
(sin θ)2
∂2
∂ϕ2
)
≡
Lˆ2
2R2
(24)
which is the expected result and is compatible with our general ex-
pression (16) given in the cartesian basis.
To compare with the Dirac formalism we start from the original
constrained Lagrangian in curvilinear coordinates given in (18). There
is one primary constraint,
Ω = πλ = 0 (25)
To check for secondary constraints we construct the total Hamiltonian
HT = Hc + uπλ (26)
where Hc is the canonical Hamiltonian given by
Hc =
1
2
[π2r +
π2ϕ1
r2
+
π2ϕ2
sin2 ϕ1r2
+ · · ·+
π2ϕ2∏n−2
j=1 sin
2 ϕjr2
] (27)
Time conservation of the primary constraint leads to a secondary con-
straint. Continuing this iterative process, the full set of constraints is
obtained.
Ω1 = r −R ≈ 0 , Ω2 = πr ≈ 0 (28)
The unphysical canonical set λ , πλ associated with the Lagrange mul-
tiplier is ignored. This leaves us with a pair of second class constraints,
Ω1 and Ω2. It is important to point out that they form a canonical
set,
{Ωi,Ωj} = ǫij (29)
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The special form of the constraints allows a straightforward applica-
tion of the Masakawa-Nakajima theorem[16] to extract the physical
variables and the Hamiltonian without the need of any explicit com-
putation of Dirac brackets. Using this theorem, it is simple to show
that the canonical pairs are given by ϕi, πϕi . In other words, the Dirac
brackets among these variables is equal to their Poisson brackets. The
physical Hamiltonian, in terms of these pairs, is now obtained from
the canonical Hamiltonian by passing on to the constraint shell. This
is found to coincide with the reduced Hamiltonian (20) obtained by
our approach. The quantum Hamiltonian is then reobtained from the
corresponding Laplace-Beltrami operator.
The Dirac analysis of this problem in the cartesian basis is quite
nontrivial. This is essentially tied to the fact that the constraint al-
gebra is no longer canonical. The Dirac Brackets suffer from ordering
problems and the extraction of the canonical pairs of variables is quite
non-trivial. It is precisely because of these reasons that Dirac analysis
has led to much confusion and controversy[6, 8, 9]. However, by the
Masakawa-Nakajima theorem, it is always possible to find the canon-
ical transformation which enables the extraction of the canonical pair
of variables without any further ambiguities. To keep our discussion
simple we consider below the example of the three dimensional rotator.
The constraint (2) is given by
Ω1 = xixi −R
2 = 0 (30)
The Hamiltonian following from a Legendre transform of the original
Lagrangian is simply given by
H =
1
2
p2i + λ
(
xixi −R
2
)
(31)
which leads to the secondary constraint
Ω2 = xipi = 0 (32)
This corresponds to the standard pair of constraints (Ω1,Ω2)[6]. It is
straightforward to compute the Dirac Brackets
{xi, xj}
∗ = 0
{xi, pj}
∗ = δij −
xixj
R2
(33)
{pi, pj}
∗ = −
1
R2
(xipj − xjpi)
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Note that the Dirac Brackets are plagued by ordering ambiguities.
This is bypassed by making a canonical transformation to a more
convenient set of variables. It is now simple to check that the trans-
formation from cartesian to the curvilinear coordinates given in (17)
also defines the canonical transformation from the old to the new set
of variables,
x1 = R sin θ cosϕ , x2 = R sin θ sinϕ , x3 = R cos θ
π1 = sin θ cosϕπr + r cos θ cosϕπθ − r sin θ sinϕπϕ
π2 = sin θ sinϕπr + r cos θ sinϕπθ + r sin θ cosϕπϕ
π3 = cos θπr − r sin θπθ (34)
The canonical pairs are now well defined (r, πr) (θ, πθ) and (ϕ, πϕ).
The physical Hamiltonian is obtained fromH = 1
2
pipi using the canon-
ical change of variables and reads
Hphys =
1
2R2
(
π2θ +
1
sin2 θ
π2ϕ
)
, (35)
where we have already pass on to the constraint shell,
xipi = rπr = 0 . (36)
This completes the classical reduction. Since the above Hamiltonian is
expressed in terms of canonical pairs, the Laplace-Beltrami construc-
tion goes through and we exactly reproduce the canonical Hamiltonian
(24).
This completes our demonstration of the equivalence betwen the
Lagrangian reduction and the Hamiltonian reduction.
3 Conclusions
The main conclusion of the present work is that the quantum Hamil-
tonian for the multidimensional rotor is given by the pure Schro¨dinger
operator without any boundary term, provided we enforce the condi-
tions of hermiticity and general coordinate invariance. This result
was obtained in the Lagrangian formalism by directly solving the
constraint and reducing the unwanted degrees of freedom. The La-
grangian analysis was done both in cartesian and in the curvilinear
basis, following a technique recently suggested by one of us[15]. The
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equivalence with the Hamiltonian formalism of Dirac was also shown
in either basis.
Some comments about the path integral are in order. The ba-
sic problem here stems from the fact that the definition of the path
integral in curvilinear coordinates is rather tricky and subtle. It also
appears in the original computation done by de Witt[1] where a curva-
ture term was found. However, the complications of working with path
integrals with curvilinear basis was not appreciated at that time. This
came to be highlighted only after the work of Edwards and Gulyaev[3].
Indeed, an apparent clash between the canonical and (a naive)
path integral formulation is already seen in the simplest of examples,
namely a free non relativistic particle in two dimensions[17]. Using the
De Witt path integral prescription it was shown that the free particle
propagator obeys the following equation,
ih¯
∂
∂t
ψ =
(
−
h¯2
2
∇2 +
h¯2
8r2
)
ψ (37)
Surprisingly the above equation differs from the expected free particle
Schro¨dinger equation by an effective potential term. The reason for
this discrepancy is subtle. The computation in [17] was done in polar
coordinates, but using the naive prescription of De Witt. However, as
is well known by now, the passage from the cartesian to the curvilinear
basis introduces curvature like terms. This has been explained lucidly
in the textbook of Lee[14]. Indeed, for the particular problem at
hand the explicit correction term has also been computed. It has
been shown that the canonical Hamiltonian Hc cannot be used to
define the path integral, rather it must be Hc −
h¯2
8r2 [14]. It is now
obvious that with this modified Hamiltonian the correct Schro¨dinger
equation will be reproduced from (37). The lesson to be learnt is that
the conventional De Witt path integral prescription must be carefully
applied for curvilinear coordinates.
Keeping these observations in mind, a clear computation as the
one performed by Kleinert[7] leads to the correct result. We however
point out that a distinction can be made, so that it is possible to
treat the particle either on or near the surface of the sphere. For the
former case the boundary term disappears[7] but in the latter, such a
term exists. Since in the present analysis the constraints are always
strongly enforced, we are confined to the case of the particle exactly
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on the sphere. A recent calculation from a more mathematical point
of view also confirms our result[18].
We conclude therefore that there is no clash between the canonical
(either Lagrangian or Hamiltonian) approach and the path integral
formalism. Moreover, the Dirac analysis also gives perfectly valid
results, as elucidated here.
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